51. 


NOTE ON A DIRECT METHOD OF OBTAINING THE EXPAN- 
SION OF THE SINE OR COSINE OF MULTIPLE ARCS IN 
TERMS OF POWERS OF THE SINES OR COSINES OF THE 
SIMPLE ARC BY MEANS OF DE MOIVRE'S THEOREM. 


[Quarterly Journal of Mathematics, 1v. (1861), pp. 159—163.] 


THE annexed appears to be the most direct and natural method for 
obtaining the known formule for the expansion of the sines and cosines of 
multiple ares. 


We know by De Moivre's theorem, that 


2n 


z (sin æ} (cos 2)" + &c. 


cos 2nz = (cos æ)” — 2n. 


Let (sin z) = y, then 


cos 2nz = (1— yy - 2n cim : y (1— y) 


4 2n cadem : m «i auod — yy, &c. 
=A, — Ayy + Agy?— Ay’, &e. 
I use w, a to indicate the coefficient of æ” in ¢a expanded in a series of 
powers of æ. We have then 
A, = P,Q, + P,Q, + PQ + &e., 
where Py=@,(1+#)"= o, (1 — t 79 = o, (1 t)--75, 
P, 2 pn (1 ste ty? = Opa (1 — t)- (n—r1) = aro. ( 1-#)- (n—r-+1) | 


P, = e, (1 +t)? = wpa (1 — tj ^77 = yg (1— t)--re, 


&c. &c. 
Qo = 1 =, (1+ t)”, 
2n — 1 
a ic bye M 
2n —1 2n—2 m- 
Q = ane mE meaa, 
&c. &c. 
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Hence evidently, 
A, — ex, ((1— t*)- "779 x (1-- j^] =o» ((1 — t)- "779 x (1-1 ty] *. 
To fix the ideas, suppose r — 2, then 
t +(n—1)t+ es 
pa mio D (n—1)n(n+1)(n+2) , 
| 2.3 2.3.4 el 
Ag — 04, 
| (n+ ri n p 


| 4 CE D n(n- D, ems cy 2 


eo nn 


eene 


SY, 


2.3 .3.4 


(n 1) n (n — 1)(n — 2) - (n 2) (n bu 
ORAN ULLUS Oe. ot P SCPPPI 


4. oF 1)n(n— 1) (n — 1) - (n 4- 1) (n - 1) n (n — 1) 
f.z.8x1 


n (n — 1)n (n +1) 
1.2x1.2 


_ 2n (n — 1) n (n - 1) 2n (n — 1) n (n +1) 4 2G 7 Dn(1) 
jo MM 1.2x1.2 


y f2 p " sm alil 
=o (Leti tpest'pzsga)U Ds 


and so in general, we shall have 
A,-—n(n—r--1)(n—r-42)...(nt-r— 1) 
t 2 
x o, (15 ti 5 at e*t pro) 
— 0s € x n ((n —r +1)... (n+r— 1) 


- — n? (i? — 1) (i? — 4) ay (i? — (r — 1}, 


+ 


and thus X 
cos 2ng = 1 — A (2 sin zy + * oe 2 nc sin v) F &c. 


In like manner we have 
cos (2n + 1) æ — cos æ ((1 — y)" — 3 (2n + 1) 2ny (1 — y)? + &c.] 
= cos æ (B, — Biy + Bay? + etc.}, 
where B, = wx ((1 — £)-77*» (1+ tym] 
= ox, ((1 — t)- "77? x (1 4er}; 


* Note well this simple change in the form of the generating function; in it the point and 
pith of the method resides. 
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and making, as before, r = 2, we see that 
fit a-pe CP" | 


| QI EP (Do Dig | 
x {1+ (n+2)t+ 


| tQ 230 1)n, MYD- y | | 
\ 1.2.3 1.2.3.4 ) 
= w, (€^) x (n — 1) n (n +1) (n +2), 
and so in general, 
B, = eset ((n—r--1)(n—r4 2)... ...(n-- r - 1) (n r) 
sA rE DUMEI ror 


"T 


HiK h 
and thus 
cos (2n + 1) = cosg {1 — a (2 sin c 
4,0 - Dn (n+1)(n+2) . | 
drum i or jp pene (2 sin zy* ... &.}. 


We might in like manner, and by precisely the same process, obtain the 
expressions for cos 2mz, cos(2m+1)a in terms of cosa, and of sin 2ma, 
sin (2m + 1) in terms of sin æ or of cos æ, but these results may, of course, 
be most readily found by means of obvious processes of differentiation in 
respect to the arc and by substitution of the complement for the arc itself in 
the results already obtained. 


It may be worth while to show here how the same elementary theorem as 


we have employed above, furnishes, uno ictu, another important formula 
connected with multiple arcs: 


d NV 2n-1 d\n- 2n-1 35-1 | 
(5) a-e)? - (5; (+e) ? (1-5) ? i 
by Leibnitz’s Theorem, 


9n—1 m-3 3 
= 2 23 2 OPTA, — a*)(1 = ay 
= (n= 1) x ES EIS S x V1 — 22) (1 — a7 (1 + a) 
—-9 ,2n-1 9n —8 7 
dip cT rs à 2 ' 3 39 
x Incl m a = at) (1 - aye (1 + a) F ie 
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phis oie ag, ry 


x (1 — 2)? — A, (1— z^ (1 2) + A,(1 — a)" (1-- zy? F &o.], 


m. a: 2n—3  2n—(2r— 1) 


2 2 uk. 2 
X (1 D (n= 2)... (n-7) 
Bs AF 
2 2 2 
x=. -— 
T5 ore 1 


_ (2n — 1) (2n — 2) (2n — 3) (2n — 4)... (2n — (2r — 1)} 
= 2.3.4.5...(r+¢]) 


Abe (2n — n 5. 


= 9n .. (2r 1) 


Hence, making æ= cos 2$, 


(B) oof snn 


x i (sin p)” cos $ — aiim ai i (sin $)"? (cos $) + we. 
119.9. ne — 1) {sind + /(— 1) cos ġ}” — (sin ġ — /(— 1) cos $^ 
2 J(— 1) 


lB Du. 


- (cya sin 2nd 


1.3.5... (2n — 1) 


E sin {n sin /(1 — «*)}, 


=(= 


or if we please to pass to the more general form by a linear transformation, 


d d n=l 2n-1 
(a5) (A 4 2Bz — Ca*) ? 


da 
23 A + 2Ba — Ca? 
TREE cats Pasa (acing 
Aty 
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